Abstract
Nomenclature

8
A brief description of all variables used in the document are given in Table 1 work we refer to this lower layer as the fat layer. As indicated in Figure 1 (c), we adopt a coordinate system where 34 x = 0 corresponds to the skin surface. The interface between the fat and skin is located at x = l 1 > 0, we have 35 l 1 = 1.6 mm in this case. The interface between the fat and the underlying muscle and bone is at x = l 2 > l 1 , and we 36 have l 2 = 4.0 mm in this case. Our conceptual idealisation of the structure of the layered tissues is given in Figure   37 1(c) where the subdermal probe is placed at x = l 2 since experimental data reported by Cuttle involves placing the 38 probe at the bottom of the fat layer [2, 17] . A summary of the kind of experimental data reported by Cuttle is given 39 in Figure 1 (d). In this particular experiment the probe is located at the interface of the fat and muscle, x = l 2 , and the diameter of the scald creation device (50 mm), so that 4/50 = 0.08 1, as illustrated in Figure 1( 
where negligible role has also been adopted in other modelling studies [21] .
92
Experimental data suggests that the initial variation in temperature with depth is negligible [2]. Therefore we 93 choose the initial condition to be
where T 0 is the initial dimensional temperature of the skin and fat layers.
95
The boundary condition at x = 0 corresponds to the placement of the scald creation device on the skin surface.
96
Cuttle's experimental protocol carefully maintains a constant temperature in the scald creation device by pumping 97 water of a constant temperature into the device at the same rate as water is pumped from the device, thus ensuring the 98 maintenance of a constant temperature at the skin surface [2] . Therefore, we represent this as a Dirichlet boundary 99 condition at x = 0. For simplicity, we assume that the flux of thermal energy at the base of the fat layer, x = l 2 , is 100 negligible and we will comment on the validity of this assumption in Section 4. Together, these boundary conditions
101
are incorporated into the model by specifying
where T h is the dimensional temperature of the water in the scald creation device.
at the interface
An attractive feature of Cuttle's experimental design is that the temperature of the water in the scald creation 
110
Therefore, to ensure that our analysis can easily incorporate this feature of the experiments we non-dimensionalise 111 the dependent variable in Equations (1)- (8) 
where T 1 (x, t) ∈ [0, 1] is the non-dimensional temperature in the skin layer and T 2 (x, t) ∈ [0, 1] is the non-dimensional 115 temperature in the fat layer. Re-writing the governing equations in terms of these non-dimensional variables gives
The initial condition for the non-dimensional model is
and the relevant boundary conditions are
Finally, the interface conditions are written as
D 1 and D 2 , the model can be solved to predict the temporal and spatial distribution of non-dimensional temperature 121 within the two-layer problem, T 1 (x, t) and T 2 (x, t). These non-dimensional temperature profiles can be re-scaled,
122
according to Equations (9)- (10), to give T 1 (x, t) and T 2 (x, t), which represent any particular experimental condition 
Results and discussion
129
Throughout this work we consider a fixed tissue geometry by setting l 1 = 1.6 mm and l 2 = 4.0 mm, which 130 match the histology measurements in Figure 1 (a)-(b). To solve Equations (11)- (18) The solution of Equations (11)- (18) parameterised with ( Figure 2 (a). Here, the 151 initial temperature is zero, and we see that energy is introduced into the system through the Dirichlet boundary at 152 x = 0 mm, for t > 0. As the solution evolves, the temperature is continuous at the interface but the spatial gradient 153 of temperature is discontinuous at the interface. From a modelling perspective, it is natural for us to visualise the 154 entire spatial and temporal features of the solution of Equations (11)- (18) in Figure 2( only. Therefore, to ensure that the synthetic data we extract from the solution of Equations (11)- (18) To construct the time series data from the solution of Equations (11) we have t c = 1447.5 s. In this work we treat l 1 , l 2 , D 1 and D 2 as constants which means that t c is also a constant 169 throughout this study. With our estimate of the critical time we generate the time series T 2 (l 2 , t j ) with t j = jδt, where 170 j = 1, 2, ..., 100 and δt = t c /100 s. This time series simply corresponds to 100 equally-spaced time points between 171 t = t c /100 and t = t c , and we visualise this time series in Figure 2(b) for the problem shown previously in Figure 2(a) .
172
This time series confirms that T 2 (l 2 , 0) = 0, and T 2 (l 2 , t) approaches unity as t increases. (11)- (18) profile of the two solutions and it is obvious, from visual inspection alone, that the two solutions are very different.
180
However, for these same two solutions, we see almost no difference when we view the time series, T 2 (l 2 , t), in Figure   181 2(d). This observation suggests that data provided by Cuttle's experimental protocol might not be appropriate to constrain estimates of (D 1 , D 2 ). This would be particularly challenging since Cuttle's data will also be subject to clarity, throughout this study we neglect the influence of such experimental variability, and we will comment on this 185 assumption later, in Section 4.
186
Since the two time series in Figure 2 (d) are difficult to visually distinguish, we introduce a discrepancy measure 187 to assist in distinguishing between these time series quantitatively. In this work we use
where T (p, t j ) is the solution of Equations (11)- (18) 
The indicator function is unity if the discrepancy is smaller than some specified threshold, ε, and zero elsewhere.
to good matches between T (p, t) and T (p, t). Figures 3-4 shows that the choice of p has a dramatic impact upon the sensitivity of our ability 232 to distinguish between T (p, t) and T (p, t). Perhaps the most obvious result is that choosing p = l 1 /2, as in Figure   233 4(a), leads to a very poor ability to estimate (D 1 , D 2 ) since the extent of the coloured region is very large. This result 234 makes intuitive sense because placing a single probe in the skin layer provides very little direct information about D 2 .
235
In contrast, placing the probe at the centre of the two-layer system, p = l 1 + (l 2 − l 1 )/2, as in Figure 4 Overall, it appears to be optimal to place the probe in the fat layer, rather than the skin 238 layer. This is a useful outcome as it is consistent with Cuttle's experimental protocol [11] [12] [13] [14] . 
where
is the total area of the bounded parameter space in Figures 3-4 . Here,
242
A 1 is the proportion of the bounded parameter space where the indicator function is unity when we consider data 243 collected at a single probe. Although we write A 1 in terms of a double integral in Equation (21), we find it simplest to Results in Figure 5 show that A 1 appears to decrease with p for all values of ε we consider. The data in Figure 5 251 is useful because it provides a quantitative framework for examining the importance of the choice of probe placement,
252
p. Overall we see that larger values of p lead to improved experimental designs, and we see that once p > 1.8 mm
253
that A 1 becomes relatively insensitive to any further increase in p. A simple recommendation we can provide from 254 this exploration is that placing a single probe into the fat layer is a good experimental design.
x = p. While this constraint is an important feature of Cuttle's experimental protocol [11-14], our mathematical 257 modelling tools give us the flexibility to quantitatively explore the benefit of collecting data at more than one location 258 in a controlled manner that is not possible experimentally. Therefore, we will now consider how our ability to estimate
259
(D 1 , D 2 ) are influenced if we were able to collect temperature data at two locations, x = p and x = q. To keep the presentation of our results manageable, when we consider the case where data is collected at two 262 locations, x = p and x = q, we restrict our attention to the subset of cases where the location of the first probe, x = p,
263
is fixed at p = l 2 as in Cuttle's experiments [11] [12] [13] [14] . With this constraint, we then focus on how we might choose the 264 location of the second probe, x = q. To achieve this we modify our definition of the indicator function to be
where key difference between I 1 and I 2 is that I 2 measures the closeness of T (x, t) and T (x, t) at both x = p and x = q, 267 whereas I 1 measures the closeness of T (x, t) and T (x, t) at x = p only. We follow our previous approach from Section data at a second location would improve our ability to reliably distinguish between T (x, t) and T (x, t) at x = l 2 278 only (Figure 4 ), compared to our ability to distinguish between T (x, t) and T (x, t) at both x = l 2 and x = q ( Figure   279 6). Overall, regardless of the choice of q, we see that working with a second probe always reduces the extent of the 280 coloured region. Furthermore, comparing results across the four subfigures in Figure 6 indicates that the configuration 281 in Figure 6(b) , where the second probe is placed at the layer interface x = l 1 , is the best configuration of these four 282 possibilities since the extent of the coloured regions is smallest. D 2 ) , is highlighted with a black circle and the insets show various experimental designs with the brown circles showing the fixed first probe location and the red circles showing the variable second probe location relative to the tissue geometry. In each subfigure, the coloured regions satisfy I 2 (D 1 , D 2 |l 2 , q, ε) = 1 for ε = 0.5 (green), 1.0 (red) and 1.5 (blue). (a) Second probe at the centre of the skin layer, q = l 1 /2; (b) Second probe at the layer interface, q = l 1 ; (c) Second probe at the centre of the two-layer system, q = l 2 /2; (d) Second probe at the centre of the fat layer, p = l 1 + (l 2 − l 1 )/2. In all results we set l 1 = 1.6 mm and l 2 = 4 mm.
Parameter inference: optimal placement of second probe
284
To extend the results in Figure 6 , we now explore whether there is some optimal placement of the second probe.
285
To explore this question we introduce
where A 2 is the proportion of the parameter space that satisfies I 2 (D 1 , D 2 |l 2 , q, ε) = 1. Similar to our approach in
287
Section 3.2, we seek to find q which minimises A 2 . Results in Figure 7 show A 2 as a function of q, for different 288 choices of ε. Remarkably, we see that setting q = 1.6 mm minimises A 2 , for all ε considered. This results implies 289 that the optimal location for a second probe, given that a first probe is already located at the bottom of the fat tissue 290 p = l 2 , is at or near the layer interface, q = l 1 .
291
A 2 
Conclusions and future directions 292
In this work we consider an experiential protocol designed by Cuttle and co-workers [11] [12] [13] [14] design by using the mathematical model to explore the extent to which our ability to estimate (D 1 , D 2 ) depends on the 314 depth at which the subdermal probe is placed. In summary, we find that it is best to place the probe in the fat layer.
315
This result is reassuring since Cuttle's experimental protocol places the probe at the bottom of the fat layer [11-14].
316
We conclude by exploring the extent to which our ability to estimate (D 1 , D 2 ) improves if we consider the case where 317 two subdermal probes, placed at different locations, are used. Our results show that using a second probe always 318 improves our ability to estimate (D 1 , D 2 ), but there is still some sensitivity in terms of the placement of the subdermal 319 probes. In summary, if it were possible to use two subdermal proves we find that given the first probe is placed at the 320 bottom of the fat layer, and second probe ought to be placed at the interface of the skin and fat layers.
321
There are many ways that our study could be extended since we have invoked several simplifications and as-322 sumptions that could be relaxed. A key assumption in our work is that we treat the synthetic data generated by the 323 mathematical model, T (p, t) and T (q, t), as being deterministic. This means that we neglect the role of experimental 324 variability which is known to be important when dealing with biological data [39, 40] . If we had an estimate of the 325 experimental variability in Cuttle's measurements, we could incorporate this into our parameter sensitivity analysis by 326 adding an appropriate noise signal, such as white noise, to T (p, t) and T (q, t), and then exploring how the incorporation 327 of experimental variability influences our ability to estimate (D 1 , D 2 ). Another feature of our mathematical model that 328 could be explored further is our assumption that the boundary between the bottom of the fat layer and the underlying 329 muscle and bone tissues, at x = l 2 is perfectly insulating. In reality, we expect that there would be some transfer of
330
heat from the fat tissues into the underlying muscle and bone, and this could be incorporated into the model using a 
